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Abstract. In this paper we analyze a model for estimation of production frontiers that
uses nonparametric local linear Kernel regression in two stages, with some advantages
over traditional frontier estimators as DEA and FDH. The first stage gives the shape
for the frontier and the second step is responsible to locate the estimated frontier. Our
model may be viewed as a modification of the model proposed by Martins-Filho and Yao
(2007), whose estimate the same frontier model in three stages. The first two stages are
responsible to estimate frontier shape and third stage is responsible to locate the frontier.
We however realized that the frontier shape may be estimated from the first stage. Specif-
ically, we show that we can eliminate the second step of Martins-Filho and Yao obtaining
the frontier in just two steps. We discuss asymptotic properties showing consistency and√
nhn asymptotic normality of our proposed estimator under standard assumptions. We

also perform a simulation study comparing our estimator with two other estimators: the
estimator of Martins-Filho and Yao (2007); and a similar estimator proposed by Martins-
Filho, Torrent and Ziegelmann (2008). In our numerical implementations our proposed
estimator outperforms the other ones in all specifications of frontier and all sample sizes
considered.
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1. Introduction

Estimation of production frontiers and therefore efficiency (and inefficiency) of produc-
tion processes has been the subject of a vast and growing literature since Farrell (1957).
The problem can be stated as follows. Let x ∈ Rp

+ be a set of inputs used to pro-
duce a set of outputs y ∈ Rq

+. So, there is a technological or production set defined
as Ψ = {(x, y) ∈ Rp+q

+ | x can produce y}. A production frontier associated with Ψ is
defined as ρ(x) = sup{y ∈ Rq

+ | (y, x) ∈ Ψ} for all x ∈ Rp
+. Thus, for given (x0, y0) ∈ Ψ,

efficiency is measured by the distance between y0 and ρ(x0). In this problem we intend to
estimate from a given random sample χ = {(xi, yi), i = 1, ..., n} an associated production
frontier ρ(·) and efficiency measures for the observed production units.

To solve these problems we can find in the literature two traditional nonparametric esti-
mation procedures1, Free Disposal Hull (FDH) estimator that was introduced by Deprins
et al. (1984) and Data Envelopment Analysis (DEA), represented by Charnes et al. (1978).
The idea is to estimate a production set from an observed random sample without being
necessary to assume any restrictive parametric structure either on the production frontier
ρ(·) or on the joint density of (Xi, Yi). Many works apply these methodologies. Gijbels et
al. (1999) and Park et al. (2000) have obtained asymptotic distributions for DEA and FDH
estimators, respectively. However, these estimators have some characteristics that may be
undesirable. Both estimators are based on the assumption that all observed data lie inside
the technological set, so the estimators consist from obtaining the smallest set that envelops
all data. Therefore the estimated set never exceeds the true frontier; hence the frontier
estimators are inherently downwards biased. Moreover, FDH produces a discontinuous
function that envelops the data and DEA produces a piecewise linear function.

Martins-Filho and Yao (2007) propose a deterministic production frontier model and
a nonparametric production frontier estimator called NP3S 2. They derive the asymp-
totic normality and consistency of both production frontier and efficiency estimators under
reasonable assumptions in the nonparametric context. This estimator shares the flexible
nonparametric structure but has some extra desirable properties if compared to FDH and
DEA estimators: i) NP3S estimator was demonstrated to be more robust to extreme val-
ues; ii) the frontier estimator is a smooth function of input usage (not discontinuous neither
piecewise linear) and iii) although the estimator envelops the data it is not inherently bi-
ased as FDH and DEA estimators. Another gain from this procedure is that the estimation
method is fairly simple since it is based on local linear Kernel estimation. Martins-Filho
and Yao (2007) propose an estimation process consisting of three steps. First step is esti-
mating a conditional mean using local linear Kernel estimation. The second step follows
Fan and Yao (1998), i.e., a local linear Kernel method is used to estimate the conditional

1We consider here only the deterministic approach for the estimation efficiency problem. This approach
lies on the assumption that all the observations lie in the technological set. That is, one does not consider
the problem where there is noise on the data.

2In this paper, we call the estimator proposed by Martins-Filho and Yao as NP3S, contrasting with our
proposed estimator, which will be called NP2S
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variance function. The third and final step is an original estimator that is relative to their
proposed production frontier model.

However, an undesirable result may be emerging in the second step of NP3S estimator
since this estimation procedure allows for a negative estimate of the variance. To overcome
this problem, Martins-Filho, Torrent and Ziegelmann (2009) propose to use the local expo-
nential Kernel estimator applied to estimate conditional volatility functions, ensuring its
nonnegativity. They derive the asymptotic normality and consistency of production fron-
tier under reasonable assumptions in the nonparametric context.This estimator consists
in using an exponential functional at the minimization problem that characterizes Kernel
regressions for estimating nonnegative conditional variance. Thus, the authors use the
exponential Kernel estimator at the second step of the proposed method by Martins-Filho
and Yao (2007). We call this frontier estimator as NPE.

Although NP3S and NPE have advantages in comparison with FDH and DEA estima-
tors, we believe that some improvements may be desirable. The former estimators are
characterized by an estimation procedure in three steps. The first two steps give the shape
for the frontier and the third step is responsible to locate the estimated frontier. It is
important to emphasize that the second step of both estimators is a regression that has as
regressands squared residuals from the first stage. This feature is sometimes undesirable,
specially for practitioners working with relatively small sample size. Nevertheless, we re-
alized that we can eliminate the second step of NP3S and NPE estimators, estimating the
frontier in just two steps. Furthermore, our proposed estimator has as first step exactly
the same first step presented in NP3S and NPE estimators and our second step is very
similar to the third step presented in those estimators. Therefore, we in fact eliminate the
second step of NP3S and NPE and get the frontier in a simpler estimation procedure. Our
contribution lies in perceiving that we actually get the frontier shape from the first step,
and thus we need an additional step to locate the estimated frontier. Hence, besides the
simpler fashion of our estimator, which will be called NP2S, it maintain the advantages
over FDH and DEA listed above.

This paper is composed as follows. In the second section we present the model originally
proposed by Martins-Filho and Yao (2007). Moreover, we present our estimation process
and compare it with NP3S and NPE. Section 3 discusses the asymptotic properties of our
estimation process. In Section 4 a Monte Carlo study is presented comparing NP2S, NPE
and NP3S estimators. Finally, in Section 5 conclusions and final comments are stated.

2. Nonparametric Frontier Estimation via Local Kernel Regression

2.1. The Model. In this section we present the model developed by Martins-Filho and
Yao (2007). The problem may be viewed considering a firm that makes only one product
from k inputs, that is, (x, y) ∈ Rp

+ × R+, where x describes p inputs used for production
and y describes the output (one-output case) of a production unit. The production set is
defined as previously. In a unique product case we have the following:

Ψ = {(x, y) ∈ Rp+1
+ |x can produce y}



4 HUDSON TORRENT, FLAVIO ZIEGELMANN

The production function or frontier associated with Ψ is

ρ(x) = sup{y ∈ Rq
+ | (y, x) ∈ Ψ} for all x ∈ Rp

+.

In practice Ψ and its frontier are unknown, so our prior interest is estimating this
frontier from a set of observed firms, i.e., given a random sample of production units
{(Xi, Yi)}ni=1 that share a technology Ψ, obtaining estimates of ρ(·). By extension we are
interested in constructing efficiency ranks and relative performance of production units.
To see this, let (x0, y0) ∈ Ψ characterize the performance of a production unit and define
0 ≤ R0 ≡ y0

ρ(x0) ≤ 1 to be this units (inverse) Farrell output efficiency measure.3 From
estimates of ρ we can obtain estimates of R0.

This frontier regression model consists of a multiplicative regression. Primitive assump-
tions take place on (Xi, Ri) and the properties of Yi arise from a suitable regression function.
We assume that Zi ≡ (Xi, Ri)′ is a p+1−dimensional random vector with common density
g for all i ∈ {1, 2, ...} and {Zi} forms an independently distributed sequence.

If there are observations on a random variable Yi, the suitable regression function is
defined as

(1) Yi = ρ(Xi)Ri =
σ(Xi)
σR

Ri

where Ri is an unobserved random variable, Xi is an observed random vector in Rp
+. In this

context Yi is the output and ρ(·) = σ(·)
σR

is the production frontier, where σ(·) : Rp
+ → (0,∞)

is a measurable function and σR is an unknown parameter. Xi are the inputs and Ri is
the efficiency with values in [0, 1]. The closer Ri is to 1 the closer are observed output and
output on frontier. For an observed (xi, yi), if we have yi is far from ρ(xi) it means low
efficiency and so a small value for Ri. There is no specification of Ri density, however two
moment restrictions on Ri must be assumed:

E(Ri|Xi = x) ≡ µR; where 0 < µR < 1;(2)

V (Ri|Xi = x) ≡ σ2
R(3)

Ri ∈ [0, 1] and 0 < µR < 1 imply by construction that 0 < σ2
R < µR < 1. The

unknown parameter σR locates the production frontier. For example, if a random sample
of a population is far from the true frontier, efficiency is low hence µR and σR are small. In
this case, DEA or FDH estimators will produce a sub-estimated production frontier. Due
to presence of σR in NP3S model, the estimated frontier is shifted to a higher level when
compared to DEA or FDH. In next subsection, we present the estimation procedure for
this model and propose to modify the estimation, eliminating the second step.

3Note that if the production level y0 associated with x0 lies on the frontier function we have y0 = ρ(x0).
The production process is efficient and R0 = 1.
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2.2. The Estimation Procedure. In this section we characterize our estimator (NP2S).
We can rewrite equation (1) as follows

Yi =
σ(Xi)
σR

Ri =
µR
σR

σ(Xi) + σ(Xi)
(Ri − µR)

σR
Hence,

(4) Yi = m(Xi) + σ(Xi)εi

where εi = (Ri−µR)
σR

and m(Xi) = µR
σR
σ(Xi).

Given the conditional moment restrictions (2) and (3) on Ri we have that E(εi|Xi =
x) = 0 and V (εi|Xi = x) = 1. Hence, E(Yi|Xi = x) = m(Xi) and V (Yi|Xi = x) = σ2(x).

First, we note that m(Xi) ≡ µRρ(Xi). Therefore, estimating m(Xi) gives to us m̂(x) =
µRρ̂(x), since µR does not depend on Xi. We thus get from m̂(x) an estimation of ρ(x), but
in a wrong position. Then, if we have an estimator for µR we can propose to estimate the
frontier as ρ̂(Xi) = m̂(Xi)

µ̂R
. With this in mind, we propose to estimate ρ(Xi) in two simple

steps. The first is simply the local linear Kernel estimator of Fan (1992) with regressand
Yi and regressors Xi. That is, for any x ∈ Rp

+ we obtain m̂(x) ≡ α̂ where

(α̂, β̂) = arg minα,β
n∑
i=1

(Yi − α− β(Xi − x))2Khn (Xi − x)(5)

K(·) : Rp → R is a symmetric density function, Kh(u) = (1/h)K(u/h) and 0 < hn → 0 as
n →∞ is a bandwidth. This first step gives us the frontier, but multiplied by µR. Then,
in the second stage we propose an estimator for µR,

µ̂r =
(

max
16i6n

Yi
m̂(Xi;hn)

)−1

In the second step, we use the idea originally proposed by Martins-Filho and Yao (2007);
we assume that there exists at least one observed production unit that is efficient, i.e. there
is at least some Ri identically one. To understand the idea behind the estimator proposed
above one should note that Yi = ρ(Xi)Ri = m(Xi)

µR
Ri and then set one firm to be efficient.

Therefore, after these two steps the proposed estimator for the frontier at x ∈ Rp is given
by ρ̂(Xi) = m̂(Xi,hn)

µ̂R
. We note that ρ̂(Xi) is a smooth estimator that envelops the data but

may lie above or below the true frontier ρ(Xi).
It is worth to emphasize that µ̂R depends on hn trough m̂(Xi, hn). Moreover, in section

3 will be convenient to distinguish the bandwidth used in the first step from that used in
the second step, which we will denote by gn. Thus, in this new notation, the production
frontier estimator at x ∈ Rp is given by ρ̂(Xi, hn, gn) = m̂(Xi,hn)

µ̂R(gn) .
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2.2.1. Comparing NP2S Estimation Procedure with NP3S and NPE. One of the goals of
this paper is to propose an alternative estimation procedure for the model in equation (4).
Thus, in this subsection we outline the estimation procedures proposed by Martins-Filho
and Yao (2007) (NP3S estimator) and Martins-Filho et. al (2009) (NPE estimator) and
compare some features of those estimators with the estimator proposed in this paper (NP2S
estimator). NP3S and NPE estimation methods for the model described in equation (4)
are composed by three steps. The first two steps are responsible to estimate frontier shape
(σ(·)) while third step gives an estimative of frontiers position (σR).

The first step is the same as the first step for NP2S as in equation (5). The second
step consists of implementing again a local kernel regression, but now for the conditional
volatility function. The idea is using m̂(·) from first step and define ei ≡ (Yi − m̂(Xi))2 to
obtain σ̂2(x) as follows:

(6) (α̂1, β̂1) = arg minα1,β1

n∑
i=1

(ei − ψ(α1 − β1(Xi − x)))2Khn (Xi − x)

For NP3S estimator, we have ψ(x) ≡ x and the estimator for conditional volatility
function is given by σ̂2

l (x) = α̂. This is the local linear kernel estimator for the variance as
defined by Fan and Yao (1998). For NPE estimator, the functional has the form ψ(x) ≡
exp(x) and the variance estimator is defined as σ̂2

e(x) = exp(α̂), as proposed in Ziegelmann

(2002). After that, frontier shape is estimate in NP3S model as σ̂l(Xi) =
√
σ̂2
l (Xi) and in

NPE model as σ̂e(Xi) =
√
σ̂2
e(Xi).

After obtaining an estimative for frontier shape (σ̂2(·)) a third step is proposed to esti-
mate frontier position (σR). The proposed estimator is

sR =
(

max
1≤i≤n

Yi
σ̂(Xi)

)−1

(7)

where σ̂(Xi) is the estimative from the respective second step, as described in the previous
paragraph. We use slR to represent the location estimator for NP3S, and for NPE we use
seR. As pointed out earlier, the intuition behind this estimator is to assume that there
exists one observed production unit that is efficient, i.e., there is some Ri identically one.
Hence, a production frontier estimator at x ∈ Rp is given by ρ̂l(·) = σ̂l(·)

sl
R

for NP3S case

and ρ̂e(·) = σ̂e(·)
se
R

.
Comparing NP2S, NPE and NP3S, the first step is exactly the same in all cases. Fur-

thermore, the step responsible to locate the frontier - second step in NP2S and third step
in NP3s and NPE - are built over the same idea. Note however, that NP2S eliminates one
step, and therefore, does not require estimation of a conditional volatility function; and
thus NP2S eliminates the need of estimating a regression that has as depended variable
residuals of a previous regression. In other words, our contribution is to realize that we
get frontier shape from the first step, but in a wrong position, since m(Xi) = µRρ(Xi),
then we need to correct frontier position using an estimative for µR. On the other hand,
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in NP3S and NPE cases, frontier shapes are captured after two steps, but bad positioned
by a factor σR, since σ(Xi) = σRρ(Xi), then a third step is necessary to correct frontier
position, using an estimative for σR.

3. Asymptotic Characterization

In this section we discuss the asymptotic properties of the estimator proposed. The
following assumptions are assumed:

Assumption A1. 1. Zi = (Xi, Ri)′ for i = 1, 2, ..., n is an independent and identi-
cally distributed sequence of random vectors with density f . fX(x) and fR(r) denote the
common marginal densities of Xi and Ri respectively, and fR|X(r;X) denotes the common
density of Ri given X. 2. 0 ≤ BfX

≤ fX(x) ≤ B̄fX
<∞ for all x ∈ G, G a compact subset

of Θ = ×pi=1(0,∞), which denotes the Cartesian product of the intervals (0,∞) .

Assumption A2. 1. Yi = σ(Xi)Ri
σR

. 2. Ri ∈ [0, 1], Xi ∈ Θ. 3. E(Ri|Xi) =
µR, V (Ri|Xi) = σ2

R. 4. The regression function m(x) has a bounded and continuous second
derivative for all x ∈ Θ, which will be denoted by m(2)(x). 5. The conditional variance
σ2(x) = V (Yi|Xi = x) is bounded and continuous for all x ∈ Θ.

Assumption A3. K(x) : Sp → R is a symmetric density function with bounded
support Sp → Rp satisfying: 1.

∫
xK(x)dx = 0. 2.

∫
x2K(x)dx = σ2

p. 3. For all
x ∈ p, |K(x)| < Bp < ∞. 4. For all x, x′ ∈ Rp, |K(x) − K(x′)| < m‖x − x′‖ for some
0 < m <∞.

Assumption A4. For all x, x′ ∈ Θ, |gX(x)−gX(x′)| < mg‖x−x′‖ for some 0 < m <∞.

Assumptions A1.1 and A2 imply that {Yi, Xi}ni=1 forms an iid sequence of random vari-
ables with some joint density φ(y, x). Comparing with Martins-Filho and Yao (2007) and
Martins-Filho et al. (2008), we do not have to assume anything about the second deriva-
tive of σ2(x). Furthermore, we do not have to deal with regressands that are themselves
residuals from a first stage nonparametric regression, due to elimination of the second step
in the estimation procedure. Therefore, asymptotic properties are much easier to obtain.
The uniform consistency and asymptotic normality of the frontier estimator is presented
in the following Theorem.

Theorem 1. Let Ln be a non-stochastic sequence such that 0 < Ln → 0 as n → ∞ and
suppose that (i) m̂(x, gn) − m(x) = Op(Ln) uniformly in G and (ii) 1 − max16i6nRt =
Op(Ln). Then,

a) µ̂R(gn)− µR = Op(Ln);
b) Under the assumptions A1−A4, if ng5n

ln(n) →∞, nh5
n = o(1), and nhng4

n = O(1), then:√
nhn

(
m̂(x, hn)
µ̂R(gn)

− m(x)
µR

−B2n

)
d−→ N

(
0,

σ2(x)
µ2
RfX(x)

∫
K2(φ)dφ

)
,
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where, B2n = Op(g2
n).

4. Monte Carlo Study

4.1. Simulation Characteristics. In this section we pay attention to finite sample prop-
erties about our estimation procedure. A simulation study is presented and NP2S, NPE
and NP3S estimators are compared.4 We intend to investigate wether the simpler two step
estimation procedure can improve the quality of estimates. We consider the model

Yi =
σ(Xi)
σR

Ri, with p = 1.

In this simulation, Xi are pseudo random variables with uniform distribution on [a, b]
where a, b are specified in eq. (8) bellow. Ri = exp(−Zi) , where Zi are pseudo random
variables with an exponential distribution with parameter equal to 3. This parameter for
the exponential distribution results in the following values for gR|X : (µR, σ2

R) = (0.25, 0.08).
We consider two specifications for σ(·):

σ1(x) =
√

(x) with x ∈ [10, 100], and(8)

σ2(x) = 3(x− 1.5)3 + 0.25x+ 1.125 with x ∈ [1, 2].

This study consists of four sample sizes n = 100, 200, 400, 600; and 1000 repetitions are
realized for each one of these samples. 5 To test performance of the estimators we follow
Martins-Filho and Yao (2007), using three efficiency measures:

First, the rank efficiency measure: Rrank = cov(rank(R̂i),rank(Ri))√
var(rank(R̂i))var(rank(Ri))

.The rank gives

index position according to the magnitude of Ri and R̂i, hence the closer this correlation
is to one, the better is the estimator R̂i. Second, a relative efficiency measure: Rrel =
1
n

∑n
i=1 |

R̂i

R̂j
− Ri

Rj
|, where j is the index position and Rj is the higher value of Ri; R̂j is the

R̂i value in correspondent position of R̂i vector, i.e. not necessarily the higher value of R̂i,
hence the closer this measure is to zero the better the estimate is. Finally, a measure based
on the magnitude of the Euclidian distance between Ri and R̂i: Rmag = 1

n

∑n
i=1(R̂i−Ri)2,

the closer this measure is to zero, the better the estimate is.

4.2. Bandwidth Selection. We follow standard bandwidth selection methods by consid-
ering the minimization of an asymptotic approximation of AMISE. However, in our case
two bandwidths are necessary, one is used to obtain m̂(·) which we call hn, and another
bandwidth, say gn, is used in estimation of µ̂R. We propose to set hn from minimization of

4In Martins-Filho and Yao (2007) NP3S and FDH are compared in a simulation study, in which NP3S
performs better than FDH. Since our Monte Carlo study is very similar to that presented in Martins-Filho
and Yao (2007), we do not consider FDH estimator here.

5We eliminate negative estimates for NP3S and some outliers for NPE and NP3S. When one of these
problems turns up, the correspondent set of data is discarded and another set is so generated until reaching
1000 valid repetitions. The number os discarded samples was less than 8% for n = 100 and less than 5%
for the other values of n.
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AMISE(m̂(x;hn)). Then we consider gn = nγhn, where 0 < γ < 1/6 which guarantees that
all conditions required in Theorem 1 on the relative speed of hn and gn are met. Hence,

AMISE(m̂(hn)) =
1
nhn

∫
σ2(x)
fX(x)

dx

∫
K2(φ)dφ+

h4
n(σ2

k)
2

4

∫
(m(2)(x))2fX(x)dx

Therefore, the bandwidth that minimizes AMISE is given by

(9) h∗n = Ck

( ∫
σ2(x)dx∫

(m(2)(x))2fX(x)dx

)1/5

n−1/5

where Ck =
( R

K2(φ)dφ

(
R
φ2K(φ)dφ)2

)1/5

.

We use traditional plug-in methods to estimate the unknown quantities in eq. (9). An
estimation for m(2)(Xi) is constructed from an ordinary least square quartic regression of
Yi on Xi as suggested by Fan and Gijbels (1996). Furthermore, we estimate σ2(Xi) with
an ordinary least square quartic regression of ε̂2i on Xi, with ε̂i = Yi− m̂(Xi), where m̂(Xi)
is estimated via local linear regression with a rule-of-thumb bandwidth as in Ruppert et
al. (1995).

4.3. Simulation Results. The results of our simulation are summarized in tables 1-4
and figures 1-2. In tables 1 and 3 we present bias and MSE of frontier estimators at three
different points of x for NP2S, NPE and NP3S, respectively for frontier I and frontier II.
Tables 2 and 4 present three efficiency measures regarding estimates for Ri, respectively
for frontier I and II. Furthermore, we present eight box-plots of MSE of frontier estimates
for each of four sample sizes and both specifications of frontiers in figures 1 and 2.

4.3.1. General Regularities. As sample size increases, NPE and NP3S estimators give bet-
ter estimates for bias and MSE of frontier estimators as well as for overall efficiency mea-
sures (Tables 1-4) for both frontier specifications. For NP2S we observe a slightly better
performance related to bias and MSE of frontier estimator in the three points of x for
n = 100 in both specifications for frontier (see Tables 1 and 3). On the other hand, for
n > 100 it follows the pattern of better estimates as sample size increases. Regarding
overall efficiency measures (Tables 2 and 4), NP2S presents better results as sample size
increases for all measures. The box-plots (Figure 1-2), follow a pattern coherent with num-
bers presented in Tables 1-4, that is, a better result as sample size increases for the median
as well for the amplitude of the box-plots.

4.3.2. Relative Performance of Estimators. Comparing NP2S, NPE and NP3S, we can
see a significantly better performance of NP2S over the other two estimators disregarding
frontier specification. This superiority is even more evident as smaller the sample size is.
Analyzing the box-plots of the mean squared errors of frontier estimators a similar pattern
shows up, that is, a much better performance of NP2S compared with NPE and NP3S,
specially in smaller samples. Comparing NP3S and NPE we see an similar performance
with some superiority of NPE regarding bias and MSE for frontier estimators, mainly for
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frontier I. Analyzing the box-plots of the mean squared errors of the frontiers estimators
(figures 1-2) we can observe that the NPE estimator presented less amplitude than NP in
almost all samples. The median of this MSE is very similar for NPE and NP3S estimators
in almost all situations, except for n = 100, frontier I.

5. Conclusion

In this paper we present a production frontier model developed by Martins-Filho and
Yao (2007) that uses Kernel regression for estimating production frontier and therefore
efficiency for production units with significant advantages when compared to DEA and
FDH estimators. However, the estimation process is made in three steps. We then propose
a modification on that estimation procedure, eliminating the need of the second step. The
result is a simpler estimation procedure that retains all inherent advantages present in the
original estimator. A Monte Carlo study was performed comparing three estimators: our
estimator, called NP2S; NP3S from Martins-Filho and Yao (2007); and a modified version
of this, presented in Martins-Filho et al. (2008), called NPE. The results show that NP2S
outperforms NP3S and NPE in two specifications for production frontier and all sample
sizes considered.

6. Appendix 1: Tables and Graphics

Table 1. Frontier I - Bias and MSE of Frontier Estimators

x1 = 32.5 x2 = 55 x3 = 77.5

n NP2S NPE NP3S NP2S NPE NP3S NP2S NPE NP3S
100 Bias 0.597 3.987 3.794 0.552 4.509 5.346 1.169 4.314 5.449

MSE 0.356 15.893 14.394 0.305 20.333 28.577 1.367 18.612 29.697

200 Bias 0.668 2.491 3.532 0.715 3.421 5.281 1.363 3.520 5.377
MSE 0.446 6.206 12.477 0.511 11.704 27.893 1.857 12.389 28.909

400 Bias 0.601 1.588 2.410 0.652 2.702 3.900 1.124 2.696 3.748
MSE 0.362 2.523 5.810 0.425 7.300 15.194 1.263 7.270 14.049

600 Bias 0.541 1.061 1.908 0.621 2.135 3.166 1.034 1.974 2.832
MSE 0.293 1.126 3.641 0.385 4.560 10.025 1.070 3.896 8.019
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Table 2. Frontier I - Overall Efficiency Measures

Rrank Rrel Rmag
n NP2S NPE NP3S NP2S NPE NP3S NP2S NPE NP3S

100 0.970 0.902 0.908 0.033 0.077 0.076 0.0021 0.0218 0.3157
200 0.982 0.936 0.930 0.026 0.056 0.062 0.0017 0.0136 0.0194
400 0.990 0.957 0.951 0.019 0.045 0.049 0.0011 0.0082 0.0124
600 0.993 0.966 0.963 0.016 0.040 0.042 0.0009 0.0050 0.0092

Table 3. Frontier II - Bias and MSE of Frontier Estimators

x1 = 1.25 x2 = 1.5 x3 = 1.75

n NP2S NPE NP3S NP2S NPE NP3S NP2S NPE NP3S
100 Bias 0.065 0.351 0.538 0.209 0.527 0.821 0.418 0.823 1.007

MSE 0.004 0.123 0.289 0.044 0.278 0.674 0.175 0.677 1.014

200 Bias 0.087 0.251 0.384 0.223 0.435 0.655 0.410 0.724 0.848
MSE 0.008 0.063 0.147 0.050 0.190 0.429 0.168 0.524 0.719

400 Bias 0.078 0.204 0.296 0.195 0.379 0.528 0.369 0.628 0.696
MSE 0.006 0.042 0.087 0.038 0.143 0.279 0.136 0.395 0.484

600 Bias 0.067 0.159 0.278 0.176 0.338 0.493 0.334 0.590 0.664
MSE 0.004 0.025 0.078 0.031 0.114 0.243 0.111 0.348 0.441

Table 4. Frontier II - Overall Efficiency Measures

Rrank Rrel Rmag
n NP2S NPE NP3S NP2S NPE NP3S NP2S NPE NP3S

100 0.972 0.917 0.915 0.330 0.671 0.690 0.0024 0.0110 0.0144
200 0.982 0.943 0.941 0.268 0.527 0.551 0.0020 0.0075 0.0097
400 0.988 0.960 0.959 0.219 0.436 0.439 0.0015 0.0055 0.0064
600 0.991 0.965 0.967 0.019 0.040 0.039 0.0012 0.0057 0.0045
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Figure 1. Frontier I - Boxplot of MSE of Frontier Estimators
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Figure 2. Frontier II - Boxplot of MSE of Frontier Estimators
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7. Appendix 2: Proofs

In this section we prove Theorem 1. Starting with a lemma, in which we establish the
asymptotic normality and uniform consistency of the estimator m̂(Xt). This result is the
local linear non-parametric regression with V (Yi|Xi = x) = σ2(x) of Fan (1992), a well
known result in non-parametric literature, thus we state without proof.

Lemma 1. Suppose the assumptions A1−A4 hold. Then√
nhn(m̂(x, hn)−m(x)−B1n) d−→ N

(
0,
σ2(x)
fX(x)

∫
K2(φ)dφ

)
,

where, B1n = σ2
Kh

2
nm

(2)(x)
2 + op(h2

n).

Proof of Theorem 1: To prove Theorem 1 we first note that Martins-Filho and
Yao (2007) get after two steps σ̂(Xt, hn) which is in fact σRρ̂(Xt, hn). Then, to obtain
asymptotic normality of the estimated frontier, ρ̂(.), they divided σ̂(x, hn) by sR(gn) and
combine their Theorem 1 and their Theorem 2 part (a) to achieve the desired result. In our
case, after one step, we get m̂(Xi, hn) which is in fact µRρ̂(Xi, hn). Therefore, to obtain
the result claimed in our Theorem 1 part (b), we just need to combine the results from our
Lemma 1 and our Theorem 1 part (a).

To prove Theorem 1 part (a), we use the same argument presented in the proof of
Theorem 2 part (a) of Martins-Filho and Yao (2007); but substituting in their proof σ(Xt)
by m(Xi) as well as σ̂(Xt, gn) by m̂(Xi, gn), and σR by µR as well as sR(gn) by µ̂R(gn).

For a proof of part (b), we note that

√
nhn

(
m̂(x,hn)
µR

− m(x)
µR
− B1n

µR

)
≡
√
nhn

(
m̂(x,hn)
µ̂R(gn) −

m(x)
µR
− m̂(x, hn)

(
1

µ̂(gn) −
1
µR

)
− B1n

µR

)
.

From Lemma 1 we have

√
nhn

(
m̂(x,hn)
µR

− m(x)
µR
− B1n

µR

)
d−→ N

(
0, σ2(x)

µ2
RfX(x)

∫
K2(φ)dφ

)
,

and from Theorem 1 part (a), provided that ng5n
ln(n) →∞ we have that µ̂R(x, hn)(µ̂R(gn)−1−

µR
−1) = Op(g2

n). Hence, given that nh5
n → 0 and nhng

4
n = O(1)√

nhn

(
m̂(x, hn)
µ̂R(gn)

− m(x)
µR

−B2n

)
d−→ N

(
0,

σ2(x)
µ2
RfX(x)

∫
K2(φ)dφ

)
,

where, B2n = Op(g2
n). 2
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